
MATH 108 Fall 2019 - Problem Set 3

due October 18

1. For each postive integer k, let Ak = {x ∈ R | 0 < x < 1/k}. Prove that

∞⋂
k=1

Ak = ∅.

2. Using induction, prove that for all positive integers n,

(a) n3 − n is divisible by 3.

(b) 8n − 1 is divisible by 7.

(c)
∑n

k=1 k
3 = n2(n+1)2

4
.

(d) n! = 1 +
∑n−1

k=1 k · k!.

3. In American football, a team can score seven points for a touchdown, and three points
for a field goal (ignore safeties, two-point conversions, etc). Prove that every integer score
larger than 11 is possible.

4. Let P be the set of prime numbers. Prove that⋃
p∈P

pZ = Z \ {−1, 1}.

5. Use the Well-Ordering Principle of the natural numbers to prove that every positive
rational number x can be expressed as a fraction x = a/b where a and b are postive
integers with no common factor.

6. The Fibonacci sequence is an infinite sequence of integers (f0, f1, f2, f3, . . .) defined as
follows. The first two numbers are f0 = 0 and f1 = 1. For all n ≥ 2, define fn to be the
sum of the previous two numbers,

fn = fn−1 + fn−2.

Use induction to prove that for all nonnegative integers n,

fn =
ϕn − ψn

ϕ− ψ
,

where ϕ = (1 +
√

5)/2 and ψ = (1−
√

5)/2.

7. Nim is a two-player game involving piles of coins. The players alternate taking turns, and
on each turn the player chooses a nonempty pile and chooses a positive number of coins
to remove from that pile. This continues until there are no coins left. In this version of
Nim, whoever takes the last coin loses, and the game starts with two piles, each with n
coins. Prove by induction that for all n ≥ 2, the second player has a winning strategy,
i.e. they can always win no matter what the first player does.


