MATH 108 Fall 2019 - Problem Set 7

due November 15

1. For each function f, determine if it is surjective. If yes, find a right-inverse of f, which is
a function g such that f o g is the identity.

(a) f:R — R? defined by f(z) = (z, ).
Not surjective. For example (1,0) is not in the image of f.
(b) f:R? — R defined by f(x,y) =z +y.
Surjective. Let g : R — R? be the function defined by g(z) = (z,0).
(¢) f:7Z — Z/AZ defined by f(x) =7.
Surjective. Let g : Z/AZ — Z be the function defined by ¢(0) = 0, g(1) = 1,
9(2) =2, 9(3) =3.
(d) f:R — R defined by f(z) = e*.
Not surjective. For example —1 is not in the image of f.
(e) f:Z — {0} defined by f(x)=0.
Surjective. Let g : {0} — Z be the function defined by ¢(0) = 0.

2. Let f:A—> Bandg: B— C.

(a) Prove that if g o f is surjective then g is surjective.
Since g o f is surjective, for any z € C, there exists © € A such that go f(z) = 2.
Let y = f(x). Then g(y) = z, so g is surjective.

(b) Give an example of f and g where g o f is surjective but f is not surjective.
Let A=C = {1} and B = {1,2}. Define f: A— Bby f(1)=1and g: B— C by
g(1) = g(2) = 1. Then g o f is the identity function on {1}, which is surjective, but
f is not surjective.

3. Prove that each function is a bijection. Give the inverse.

(a) f:7Z — Z defined by f(z) =z + 1.
For each y € Z, © = y — 1 is the unique integer such that f(x) = y. Therefore f is
bijective, and the inverse f~!: Z — Z is defined by f~'(y) =y — 1.
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For y € (—o0, —1), solving f(x) = y for x shows that o = 2y/(y + 1) is the unique
real number that could map to y. Therefore there is at most one x € (2,00) with
f(z) =y, proving f is injective.

(b) [+ (2,00) = (=00, —1) defined by f(x) = -

To see that f is surjective, we need to check that for each y € (—oo0, —1), the value
r = 2y/(y + 1) that would map to y is in the domain, (2,00). Since y < —1, the



denominator y + 1 is negative. Dividing both sides of the inequality y < y + 1 by

y+ 1 gives
Y

y+1”
Therefore x = 2y/(y + 1) > 2, which proves that there is x € (2,00) with f(x) = y.
The inverse is f~1 : (—o0, —1) — (2, 00) is defined by f~!(y) = 2y/(y + 1).
() f:Z/SZ — Z/SZ defined by f(T) = 5z — 1.

1.

F0) =1,
f(1) =4,
f@) =1,
f(3) =86,
fd) =3,
f(5) =0,
f(6) =5,
f(7) =2

For each 5 € Z/87Z, there is exactly one T € Z/8Z with f(Z) =7.
The inverse [~ : Z/8Z — Z/8Z is defined by f~(y) = 5(y + 1).

4. For each pair of sets, find a bijection from the first to the second.

(a) Zso and Z>y.

Define f : Zsg — Z>o by f(x) =2 — 1.
(b) R? and C.

Define f: R? — C by f(z,y) = = + iy.
(¢) Z and Z-~y.

Define f : Z — Z~¢ by

2¢0+1 x>0
f(x)_{—Qx ifr<0

(d) {reR|—-1<z<1}andR.

Define f: (—1,1) = R by f(x) = ﬁ + L.

5. For postive integers n and m, let [n] = {1,2,...,n} and [m] = {1,2,...,m}.

(a) Let A be the set of all functions from [n] to [m]. Compute |A| in terms of n and m.

For f : [n] — [m], we can choose the values f(k) one at a time for each k from 1 up
to n. For each k there are m choices for f(k), so the total number of functions is

m’l’b



(b)

Let B be the set of all bijective functions from [n] to [m]. Compute |B| in terms of
n and m.

If n # m then any function f : [n] — [m] can’t be bijective, so there are 0 bijective
functions.

If n = m, we again choose the values of f(k) one at a time for each k from 1 up to
n. When k = 1, there are n possible values for f(1) to choose from. Once f(1) is
chosen, there are only n — 1 choices for f(2) because f(2) can’t be equal to f(1) if
f is injective. Once f(1) and f(2) are chosen, there are n — 2 choices left for f(3).
This repeats for each k up to k = n where we have only one choice left for f(n).
Therefore the number of possible bijective functions is

n-(n—1)-(n—-2)---1=nl

Let C be the set of all injective functions from [n] to [m]. Compute |C| in terms of
n and m.

If n > m then any function f : [n] — [m] can’t be injective, so there are 0 injective
functions.

If n < m, the analysis is similar to part (b). We can choose the values of f(k) one at
a time. The number of choices for f(1) is m, for f(2) is m — 1 and so on. The last
decision is f(n) which has m —n + 1 choices left. Therfore the number of possible
injective functions is

m-(m—l)-(m—Q)---(m—n+1):ﬁ.

6. Let f1,fo: A— Bandg: B— C and hy,hy : C — D.

(a)

Prove that if g o fi = g o fo and g is injective, then f; = fs.

Assume g o f; = go fy and g is injective. Since g is injective, it has a left-inverse
k:C — B. Then kogo f; = kogo fy. The left-hand side of the equation is equal
to Ig o fi = f1 and the right-hand side is equal to Ig o fo = f5.

Alternate proof: Assume go f; = go f, and g is injective. For any x € A, we have
g(fi(x)) = g(fa(x)). Since g is injective, this implies fi(z) = fa(x). Therefore f;
and f, have the same domain, codomain and values so they are equal.

Prove that if hy o g = hy 0 g and g is surjective, then hy = ho.

Assume hyog = hyog and g is surjective. Since g is surjective, it has a right-inverse
k:C — B. Then hyogok = hy o gok. The left-hand side of the equation is equal
to hy o I = hy and the right-hand side is equal to hy o I = hs.

Alternate proof: Assume h; o g = hy 0 g and g is surjective. For any y € C, there
exists © € B such that g(z) = y. Since hy(g(x)) = ha(g(z)), we have hy(y) = ha(y).
Therefore hy and hy have the same domain, codomain and values so they are equal.



