
MATH 108 Winter 2019 - Problem Set 4

due February 8

1. Nim is a two-player game involving piles of coins. The players alternate taking turns, and
on each turn the player chooses a nonempty pile and chooses a positive number of coins
to remove from that pile. This continues until there are no coins left. In this version of
Nim, at the start of the game there are two piles, each with n coins. Whoever takes the
last coin loses. Prove by induction that for all n ≥ 2, the second player has a winning
strategy, i.e. they can always win no matter what the first player does.

2. For positive integers a and b, the greatest common divisor of a and b is the largest postive
integer that divides both a and b, denoted gcd(a, b). For p a prime number, prove that p
divides a and p divides b if and only if p divides gcd(a, b).

3. For positive integers a and b with gcd(a, b) = d, prove that

{as + bt | s, t ∈ Z} = dZ.

4. For each relation, list which of the following properties it has: symmetric, antisymmetric,
transitive, reflexive, irreflexive.

(a) ≤ on Z.

(b) 6= on Z.

(c) ⊆ on P(Z).

(d) “is the child of” on people.

(e) {(1, 5), (5, 1), (1, 1)} on A = {1, 2, 3, 4, 5}.
(f) {(x, y) ∈ Z× Z | x + y = 10} on Z.

5. Let A = {1, 2, 3, 4, 5} and let ∼ be the relation on P(A) defined by S ∼ T if |S| = |T |.
Prove that ∼ is an equivalence relation. How many equivalence classes does ∼ have and
how big is each class?

6. Let R and S be relations on A. The composition of R and S, denoted R ◦S, is defined as

R ◦ S = {(x, z) ∈ A× A | ∃y ∈ A with x R y and y S z}.
(a) Find a counterexample to the following statement: If R and S are symmetric, then

R ◦ S = S ◦R.

(b) Prove that R is transitive if and only if R ◦R ⊆ R.

7. Find an equivalence relation on N1 with set of equivalence classes equal to each partition.

(a) {{1, 4, 7, . . .}, {2, 5, 8, . . . , }, {3, 6, 9, . . .}}.
(b) {{1, 2}, {3, 4}, {5, 6}, {7, 8}, . . .}.
(c) {{1}, {2, 3}, {4, 5, 6, 7}, {8, . . . , 15}, {16, . . . , 31}, . . .}.
(d) {N1}.


